■3 



> 



A model of individual clustering 
with vanishing diffusion 



Elissar Nasreddine 

Institut de Mathematiques de Toulouse, Universite de Toulouse, 
F-31062 Toulouse cedex 9, France 
e-mail: elissar.nasreddine@niath.univ-toulouse.fr 
; January 22, 2013 

I Abstract. We consider a model of individual clustering with two specific reproduction 

^ ' rates and small diffusion parameter in one space dimension. It consists of a drift-diffusion 

■ equation for the population density coupled to an elliptic equation for the velocity of 

individuals. We prove the convergence (in suitable topologies) of the solution of the 
problem to the unique solution of the limit transport problem, as the diffusion coefficient 
tends to zero. 



<^ ; 1 Introduction 



In [6], a model for the dispersal of individuals with an additional aggregation mechanism 
is proposed. More precisely, the population density u{t, x) at location x G J7 where Q is an 
open bounded domain of M^, 1 < iV < 3, and time t > solves the convection-diffusion 
equation 

dtu = 6 An — \7-{uu)+ru E{u), (1) 



where 5 > 0, r > and E is the net rate reproduction per individual . This equation is 
QQ I coupled to an elliptic equation for the velocity u which is assumed to be in the direction 

'n^ ■ of increasing E{u), say, of the form X\7E{u) with A > 0. The evolution of the velocity u 

is described by 

- e Au + u = XVE{u), (2) 

where e > and e Au is simply to smooth out any sharp local variation in ^E{u) so that 
(jj represents a local average of the velocity A VE{u). 
^ ' We supplement (JL) and (2} with no-flux boundary conditions 

n-Vu = n-u; = 0, X e dn,t>0, (3) 

as suggested in [6] where n is the outward normal of (90. In addition, in dimension 2 
or 3, we impose the following additional condition given in [3, 4, 12] to guarantee the 
well-posedness of the elliptic system (2) 

dnU X n = 0, X E 90, t > 0. (4) 

As usual, V X oj \s the number vi wi -|- t>2 a;2 if = 2 and the vector field {v2 oj^ — 

UJ2, -Vi U}3 + V3 U}i,Vi UJ2 - V2 Wi) if A = 3. 

We are interested here in the case where the aggregation mechanism is dominant, 
that is, the diffusivity 5 is small. For biological models, this can change dramatically 
the dynamical behaviour of the solutions, and might generate finite time blow-up such 
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as for the Keller-Segel system, see for instance. Nevertheless, there are situation 
for which the small diffusivity limit is somehow "stable", including some models from 
semiconductor physics, see Markowich and Szmolyan [8], and for the Keller-Segel system 
with volume-filling effect, see [5, 10]. There, the authors prove the convergence, in the 
small diffusivity limit, of the solutions of the parabolic systems to weak entropy solutions 
of the corresponding hyperbolic systems. A related field of research which is currently 
very active is the analysis of the so-called aggregation equation dtu + div{K{u)) = where 
K is a nonlocal linear operator, see [7, 1], and the references therein. 
Taking the case of small diffusivity as a motivation, we will study the system (1), (2), (3) 
and (4), in the limit of vanishing diffusivity 5. More precisely, given a sufficiently smooth 
function E, parameters 5 G (0, 1), e > and r > 0, our aim in this paper is to investigate 
the limit 5 — )• of the following one dimensional system 



dtus 

-£ d^ifs + ^ps 

d,j:Us{t,±l) 

us{0,x) 



6 dlus - dx{us ips) + r us E{us), x G (-1, > 

d^E{us), xG(-l,l),t>0 

ips{t,±l) = 0, t>0 

uo{x), X G (-1, 1). 



(5) 



where E has two specific forms suggested in [6], namely 



E{u) 



(6) 



or 



E{u) = {1 — u){u — a), for some a £ (0, 1). (7) 

Given uq G W^''^{—1, 1), the existence and uniqueness of a global solution of (5) have 
been shown in [9], and the purpose of this paper is to prove that {us,(ps) converges to a 
solution of the nonlocal transport problem 



dtu 

-e dlif + if 
. n(0,x) 



—dx {u if) + r u E{u) 

dxE{u), 

0, 

uo{x), 



X G 
X G 
t > 0, 

XG (-1,1), 



1,1), t > 0, 



l,l),t >0, 



(8) 



as the diffusion coefficient 5 approaches zero. This leads, in a natural way, to the existence 
of a smooth solution of (8), the uniqueness being established in Proposition 4.2. 



Our paper is organized as follows. In Section 2, we state the main results and focus 
on the two specific forms of E suggested in [6]: the "bistable case" (7), see Theorem 2.1, 
and the "monostable case" (6), see Theorem 2.2 . In Section 3, we recall some results of 
existence and uniqueness of a global solution of (5.) obtained in [9]. Section 4 is devoted 
to the uniqueness issue of smooth solutions of the transport problem (8). In Section 5, 
we focus on the bistable case (7). We derive a priori estimates on {us,(ps), which are 
uniformly valid in 6, and particularly we derive a lower bound for dxfs and an L'^iW^'^) 
estimate on us which leads to an L°°{W'^''^) bound on us- these estimates imply, by a 
compactness argument, the existence of accumulation points of any sequence {us,ips)5- 
Thanks to Section 3, we conclude that the limit of {us,ips)s is unique, and the whole 
family {us,(ps) converges to the unique solution of (8) with E{u) = (1 — u){u — a). In 
Section 6, we analyse the limit (5 — t- of (5) in the monostable case (6,). This analysis is 
quite similar to that of the previous case, except for the first estimate. 
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2 Main results 



Throughout this paper, and unless otherwise stated, we assume that 

5 £ (0,1), e > 0, r > 0. 

In [9], the global existence and uniqueness of smooth solution of (5) are shown when E{u) 
has the structure (6) or (7). Our first result gives the limit 5 — )• in (5) in the bistable 
case, that is when E(u) = (1 — u){u — a) for some a G (0, 1). 

Theorem 2.1. Assume that uq is a nonnegative function in W^''^{—1, 1) and E{u) = 
(1 — u){u — a) for some a G (0, 1). For 5 > 0, let us be the global nonnegative solution to 
(5.) given by Theorem 3.2 below. Then, for all T > 

lim \\us{t) -u{t)\\c = for all t G (0,r), 

where u G C ([0, T]; L2(-1, 1)) n ((0, T); ^^^'^(-l, 1)) is the unique smooth solution of 
the corresponding transport system 

dtu = —dx {u (p) + r u {\ — u){u — a), x G (—1, l),t > 0, (9) 

-e dl(p + ip = {-2u + a + l) d-,u, xG(-l,l),t>0 (10) 

with boundary and initial conditions 

ip{t, ±1) = 0, for all t>0, and -0,(0, x) = uo{x), x G (-1, 1). (11) 

As a consequence of (11) no boundary conditions for u are needed. 
The proof of the previous theorem is performed by deriving estimates which are uniformly 
valid for < 5 < 1. This proof starts with the suitable cancellation of the coupling 
terms in two equations which gives an estimate for us in L°^{L'^) and for ips in L^(VF^'^). 
Then we derive a lower bound for dx'ps and an L°^{W^'^) bound on us which leads to an 
L°°(W^''^) bound on us- We will, by a compactness argument, show the convergence of us 
to the smooth solution of the transport system (9), (10) and (11). 

Next, we turn to the monostable case, that is when E{u) = 1 — u, and we study the 
limit 5 — )• 0. 

Theorem 2.2. Assume that uq is a nonnegative function in 1^"^'^( — 1, 1) and E{u) = 
{1 — u). For 6 > let us be the global nonnegative solution of (5) given by Theorem 3.2 
below. Then, for all T > 

lim \\us{t) -u{t)\\c = for all t G (0,r), 
(5— >0 

where u G C ([0, T]; L2(-1, 1)) n {{0,T);W^'^{-1,1)) is the unique smooth solution of 



the following transport system, 

dtu = -dxiu if) +r u {I- u), x G (-1, 1), t > 0, (12) 
- e d^if + if = -dxu, X G (-l,l),t > 0, (13) 
with boundary and initial conditions 

ip{t, ±1) = 0, for all t > 0, and -0,(0, x) = Uo{x), x G (-1, 1). (14) 



The proof of Theorem 2.2 follows the same lines as that of Theorem 2.1. As in 
the bistable case, there is a cancellation between the two equations but it only gives 
an L°°(LlogL) bound on us and an L^(VF^'^) bound on (ps- 
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3 Well-Posedness of (5) 

We first recall the notion of solution to (5) to be used in this paper. 

Definition 3.1. Let T > 0, E e C^(M), and an initial condition uq G VF^'^(— 1, 1) . For 
< 5 < 1, a strong solution to (5) on [0,T) is a function 

usGC ([0, T), W'^\-l, 1)) n C ((0, T),W^'\-1, 1)) , 

such that 

dtus = 6 dlus - dx{us <ps) + r us E{us), a.e. in [0,r) x (-1, 1) 

us{0,x) = uq{x), a.e. in (—1,1) 

dxUs{t,±l) = 0, a.e. on [0, T), 

where, for all t G [0, T), ips{t) is the unique solution in W'^''^{—1, 1) of 

( -ed^Mi) + Mi) = dxE{us{t)) a.e. in (-1,1) 
\ ^s{t,±l) = 

We now recall the global existence theorem which is proved in [9], where E{u) is given 
by (6) or (7). 

Theorem 3.2. Assume that uq is a nonnegative function in W^''^{—1, 1), 

and E[u) = {1 — u){u — a) for some a G (0, 1) or E{u) = 1 — u. Then (5) has a unique 

global nonnegative solution u in the sense of Definition 3.1 . 

4 Uniqueness 

In this section we prove the uniqueness of the solution of (8). Let us first give the definition 
of the strong solution of (8). 

Definition 4.1. Let T > 0, E G C^(R), and an initial condition uq G W^''^{—1,1) . A 
strong solution on [0, T) to the transport system (8) is a function 

uec ([o,r), L\-i, 1)) n c ((o,r), w'^\-i, i)) , 

such that 

j dfU = —dx{u (p)+r u E{u), a.e. in [0,r) x (-1,1) 
\ u{0,x) = uo{x), a.e. in (—1,1), 

where, for all t G [0, T), ip{t) is the unique solution in W'^''^{—1, 1) of 

( -edlip{t)+ip{t) = dxE{u{t)) a.e. in (-1,1) 
\ 99(t,±l) = 

The main result is contained in 

Proposition 4.2. Assume that uq is a nonnegative function in VF^'^(— 1, 1) and E G 
C^(M). Then for all T > 0, there exists at most one solution u of (8) in the sense of 
Definition ^.1, such that 

nGL~((0,r),T^^'i(-l,l)), and G ((0, T); ^^^'-(-1, 1)) . (15) 
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Proof. Let us assume that there exist two different solutions ui and U2 to (8) corresponding 
to the same initial conditions, and fix T > 0. We put 

(m, if) = (ui - U2, ipi - (^2), in [0, T] X (-1, 1). 

Then (n, 99) satisfies 

dtu = -dxiu (fi) - dxiu2 (p) + r ui E{ui) - r U2 E{u2), in (0, T) x (-1, 1) 

-ed^if + ^ = E'{ui) d^ui - E'{u2) d^U2, in (0, T) x (-1, 1) 

ip{t,±l) = on(0,r) 
u{0,x) = 0, in (-1,1). 

(16) 

We multiply the first equation in (16) by sign(u), and integrate it by parts over (—1, 1) to 
obtain 

— = — I ifi dx\u\ dx — I dx^i \u\ dx 



j ifi dx\u\ dx — J I 
— J sign(u) dxf U2 dx — J ip dxU2 sign(u) dx 
+ r y {ui E{ui) - U2 E{u2))) sign{u) dx 

< WdxifWl \\u2\\oo + \\dxU2\\l W^pWoo + r \\ui E{ui) - U2 E{u2)\\l, (17) 

since the first line in the right-hand side vanishes. Using the fact that ui and U2 are 
bounded by (15) and the embedding of W^'^{—1, 1) in L°°(— 1, 1) we estimate 

||ni E{ui) - U2 E{u2)\\i < C \\u\\i. (18) 

Using (15) . (18) . and the continuous embedding of 1^^'^(—1, 1) in L°°(—l, 1) , (17) becomes 

^Iklli <C P,(^||i + C ||</.||oo + C ll^/lli. (19) 
at 



To complete the proof of Proposition 4.2, it remains to estimate HSx'/'lli and 
For x,y G (—1, 1), we integrate the second equation in (16) to obtain 

px px px 

-e dl(p(z) dz+ ip{z) dz = [dxE{ui) - dxE{u2)) dz 

Jy Jy Jy 

-e (dx^ix) - dxifiy)) + [ ^{z)dz = [Eimix)) - E{u2{x)) - E{uiiy)) + E{u2iy))]. 

Next we integrate the above equality with respect to y over (—1,1) to obtain 

dx^{x) = ^ [ [ ^{z)dzdy--E{ui{x))+-E{u2{x))+^ [ {E{ui{y))-E{u2{y))) dy. 
^ £ J-l Jy £ £ ^ £ J -\ 

This gives 

\dx^{x)\<^^^-\E{u^{x))-E{u2{x))\^^\\E{u^)-E{u2)\V. 

Therefore 

p.^iii <2 Mk + i ||i^(^^)_i^(^2)iii + - mu,) - E{u2)\\i. 
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Since ui and U2 are bounded and E £ C^(M) we obtain 

P.(/.||i<2M^ + C7^ ||n||i. (20) 

It remains to prove an estimate to ip. For that purpose, we define, for i = 1,2, the 
function G L°°{{0,T),W'^''^{-1,1)) solution of 

-dlipi{t,x) = ipi{t,x), in (-1,1) , . 

V.(t,±i) = 0. ^^'> 

We multiply the second equation in (16) hy ip = ipi — ip2 and integrate it over (—1, 1) to 
obtain 

+ \\d.i'\\l = j' d,{E{ui)-E{u2)) dx 

< \\E{ui) - Eiu2)\\i P^^lloo < C ||n||i P^V'lloo. 

By the continuous embedding of VF^'^(— 1,1) in L°°(— 1,1) and by (21), the previous 
inequality reads 

||5a;V'||M/i>2 < C \\u\\i 

and 

^2 -.11 / „i. a2 



1 < C \M2 = C \\din2 < C(||5.V||2 + < C ||n||i. (22) 

Substituting (22) into (20), and by the continuous embedding of W^'^{—1, 1) in L°°{—1, 1) 
we obtain 

> < C \\dM\i < C Ml. (23) 



Finally, we substitute (23) into (19) we obtain 

-^Iklli < C Iklli +r C ||n||i. (24) 
at 

Gronwall's inequality applied to inequality (24) implies that the two solutions are identical, 
which proves Proposition 4.2. □ 

5 The bistable case: E{u) = {1 — u){u — a) 

Let T > 0, the system (5) now reads 

' dtus = 5 dlus-dx{us tps) + r us {us-a){l-us), in (0, T) x (-1, 1) 

-e d^ips + ip5 = {-2us + (a + 1)) d^us, in (0, T) x (-1, 1) 

dxus{t,±l) = ips{t,±l) = 0, on(0,r), 
_ us{0,x) = uo{x), in (-1,1), 

(25) 

for some a E (0, 1). 

Thanks to Theorem 3.2. (2^5) has a unique global nonnegative solution in the sense of the 
Definition 3.1. 

Integrating (25) over (0,T) x (—1, 1) and using the nonnegativity of us, we first observe 
that 

lk<5(i)||i < llwolli + 2 r (1 -a) r, for alH € [0, T]. (26) 
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5.1 Estimates 

Lemma 5.1. There is Ci{T) > independent of 6 such that 
rT 
10 

\\u5{t)\\2<CiiT), for alHG [0,T], (28) 

and 



£ {^\\dcc^s\\l + \\^5\\l + 2 S Wd^usWl) dt<Ci{T), foralHG[0,r] (27) 



/ W^sWlo dt < Ci{T) for alU G [0,T]. (29) 
Jo 

Proof. Multiplying the first equation in (25) by 2 us and integrating it over (—1,1), we 
obtain 

— J {usl"^ dx = —2 5 J {dxUsl"^ dx + 2 J us (ps dxUs dx + 2 r J u'j E{us) dx. (30) 

Multiplying now the second equation in (25) by (ps and integrating it over (—1,1) we 
obtain 

e J \dx fs\'^ dx + J l^sl"^ dx = —2 J us fs dxUs dx + {a + 1) J 



dxUs (ps dx. (31) 



At this point we notice that the cubic terms on the right hand side of (30) and (31) cancel 
one with the other, and summing (31) and (30) we obtain 



d_ 

dt 



us\\l + £ 119x^6111 + 11^5111 + 2 6 WdxUsWl = 2 r j uj E{us) dx + {a + l) j dxUs (ps dx. 

(32) 

We integrate by parts and use Cauchy-Schwarz inequality to obtain 

(a + 1) J dxUs (fs dx = -{a + l) J us dx'ps dx < ^"^J^ IWsWl + | ll^xV^^Ill- 

On the other hand, u'j E{us) < if ^ (a, 1) so that 

j uj E{us) dx<2{l-a) 

The previous inequalities give that 

4:ll^<5ll2 + ^ PxV'slli + Il¥'<5ll2 + 2 5 ll^xM^lli < ^^t^^ \Ws\\l + ^ r (1 - a), 
at I I e 

Therefore, by a time integration, there exists Ci(T) such that (27) and (28) hold. By the 
continuous embedding of VF^'^(— 1, 1) in L°°(— 1, 1) we obtain (29). □ 

Lemma 5.2. There is C2{T) > independent of 6 such that 

W^sitm < C2(r), for aU t G [0,r]. (33) 
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Proof. We define the function il) ^ L'^ (O, T; W'^''^{—1, 1)) solution of 

-dill's = in (-1,1) , 

Mt.^^) = 0, in [0,T). > 

Multiplying the second equation in (25) by ij^s and integrating it over (—1,1) we obtain 

(fs d^ips dx - dlil^s ips dx = - E{us) d^ips dx 
■1 J-i J-i 

e < mus)\\i \\d,H\oo. 

Using the embedding of W^'^{—1, 1) in L°°(— 1, 1) and the specific form (7) of E we obtain 

< C \\E{us)\\i <C{1 + ||n5||2). (35) 
Using (34) and (28 ) the above inequation becomes 

\\^s\\2 = \\dlM2<\\d=cH\w^,^<C. (36) 



□ 



Lemma 5.3. For < 5 < 1, there exists C(T) > independent of 5 such that 



d,m{x) > -4 - - C{T). (37) 
Proof. For x,y £ (—1,1), we integrate the second equation in (25) to obtain 

px px px 

— e / d1(fs{z) dz + / (fs{z) dz = / {—2us + a + l) dxUs dz 

Jy Jy Jy 
px 

-£ (d^ipsix) - dxifisiy)) + / ^s{z) dz = -[u]{x) - ul{y)] + (a + 1) {us{x) - us{y)). 



Next we integrate the above equality with respect to y over (—1, 1) to obtain 

-2 e d^^fsix) = - j ^j^ ips{z) dzdy-2uj{x) + 2 (a + 1) us{x) + \\us\\l- (a + l) \\us\\i. 
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Since i uj - > and 



1 fX pi pi 

ips{z)dzdy>- / \\tfs\\oo dzdy > -4 \\ifs\\oo, 

1 Jy J -I J -I 




it follows from (28) that 

d:r^s{x) = 77-/ / ^5{z) dzdy + - us{x) - ^^^^ us{x) - ^\\us\\l + ^^^^ WusWi 

Z £ J _i Jy e £ I £ A £ 

> ll^dloo-^^^-C(T). 

□ 

We continue with estimates for the derivatives of ug. 



Lemma 5.4. There is C-i{T) > independent of 6 such that 

\\d.us{t)\\i < C3(T) for all t G [0,r]. (38) 

Proof. We set gs = dxUs to simplify the notation, and differentiate the first equation in 
(25) with respect to x. This yields 

dt95 + d'^{us ^ps) -r dx {us (1 - us) {us - a)) = 6 digs- (39) 

We define an approximation of the sign function by (t^{z) = ct(^), < 7 ^ 1, with a 
smooth and increasing, o"(0) = 0, and cf{z) = sign z for \z\ > 1. Then, with abS'y(z) = 
lo c^(0 dS,, the convergence of abs^(z) to \z\ as 7 — >■ is uniform in z G M. 
Multiplying (39) by cr^{gs) and integrating with respect to x yields 

j cr-/{g5) dtgs dx + j (T^{gs) [dx{gs (fis) + 95 d^fs + us d^ips] dx 

- r y a^{gs) (-3 uj + 2 {a + 1) us - a) gs dx 

= ^ j 0-7(55) digs dx. (40) 



Since 



and 



1 nl 

(^^{95) dx{gs ^Ps) dx = - cf'Jgs) d^gs 95 ^5 dx, 



1 J-1 



1 fl 

2 ' 



(Ty{g5) d^gs dx = - {d^gs) cr' Jgs) dx 
-1 J-i 



we obtain 

d 



1 rl 



— J ahs^{gs) dx - J a'^{gs) d^gs 95 ^5 dx 



+ 



j (^^{95) 95 dx(p5 dx + j cF^{gs) us d^fs dx 

r j a^{9s) (-3 uj + 2 {a + 1) us - a) gs dx 
1 

{dx95f <y'{95) dx < 0. (41) 
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The function f'y{z) = cr-y{z) z — abs^(z) satisfies f!y{z) = (t'^{z) z and converges to 
uniformly in 2; G M. We integrate the second term in (41) by parts and we use the second 
equation in (25) in the fourth one to obtain 



dt 



ahs.y{gs) dx + fj{g5) d^^ps dx + cF^{gs) gs dxH^s dx 
1 J-i J-i 



1 

+ - / 0-^(55) us {2us - a - 1) gs dx 
^ J-i 



1 



e 



+ - (^^{95) us ifs dx 



-1 



- cr-y{95) {-^ uj + 2 {a + 1) us - a) gs dx. 



(42) 
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Now, \gs\ > ay{gs) gs > and {2us — a — 1) > if > so that 

/ a^{gs) us {2us-a-l) gs dx = / cr^{gs) us {2us - a - 1) gs dx 

J-i Jus>^ 

+ 2 / uj cr^igs) gs dx 



IO<us<- 

- + / 0-7(55) 95 (us) dx 

> ~-^r^ / , \95\dx 



and thus 



1 Ir, I ^^2 /■! 



0-7(55) us {2us - a - 1) gs dx > / \gs\ dx. (43) 



(a + 1) 

-1 2 
Also, since — 3 u| + 2 (a + 1) — a < and \gs\ > (^■y{gs) gs > 0, 

r (a + 1)^ 

r J ^ (Tjigs) (-3 uj + 2{a + l)us- a) gs dx < ^ J ^ \gs\ dx. (44) 

Passing to the Umit 7 — )• in (42) the first term on the right-hand side vanishes. And it 
follows from Lemma 5.3 . (43) , (44) and (26) that 



fj'\\9s\dx - ||^,|U + i^±il! + C2(T)) J'^\gs\dx-^^±j^j\gs\dx 



< ||<^5||oo+ ^ / \g5\dx 



< ^ llv'^lloo + !:i^±ll! \gs\ dx. (45) 



Integrating (45) in time, and using (29) yield that there exists C^iT) such that (38) 
holds. □ 

Lemma 5.5. There is C4(T) > independent of 5 such that 

\\usit)\\oo<CiiT) for ah t G [0,r], (46) 

and 

\\d^Mt)\\oo < C^{T) for ante [0,r]. (47) 

Proof. For all T > 0, (26) and Lemma 5.4 guarantee that 

\\usit)\\w^,i < C{T) for all t G [0,r]. (48) 

Therefore, the continuous embedding of VF^'^(— 1, 1) in L°°(— 1, 1) implies that (46.) holds. 
On the other hand. Lemma 5.4, Lemma 5^2., (46) and the second equation in (25) ensure 
that dx^s{t) is bounded in 1^^'^(— 1, 1) and by the continuous embedding of 1^^'^(— 1, 1) 
in L°°(-l,l) we get (47). □ 

Lemma 5.6. There is C^{T) > independent of 6 such that 

\\d.U5{t)\\2 < C^iT) for ah t e [0,r]. (49) 
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Proof. Coming back to (39) , gs = dxUs satisfies 

dtgs = -9x95 ^5-"^ 95 dx(p5 - us d^ips + r dx {us (1 - us) {us - a)) + 6 d^Qs- (50) 
We multiply (50) by gs and integrate it over (—1, 1) to obtain 
1 d 



2dt 



\\95\\l 



us d^tps 95 dx 



+ r 



1 

9x95 (fs 95 dx-2 / \gs\'^ 9x^5 dx - 
-I J-i J-i 

1 

dx {us (1 - us) {us - a)) gs dx + 6 / d^gs gs dx. 



We integrate by parts the last term of the right-hand side, and use the second equation in 
(25 ) to obtain 



~\\95\\l 



J 9x{—^) fs dx-2 J \gs\'^ 9x(ps dx + - J us {-(fs + E' {us) gs) g5 dx 
j {-2, Us + 2{a + l)us - a) \gs\^ dx - 5 j \dxgs?' dx. 



We integrate the first term in the right-hand side by parts and use Holder inequality to 
obtain 



2dt 



\\95\\l 



Us fs 95 dx 



— ^ dxfs dx-2 j \gs\'^ 9x<fs ~ ~ J 

+ us {-2us + a + 1) \gs\'^ dx + r j {-3 uj + 2{a + l)us - a) 

3 1 

< 2 ll^'-'lls \\9xf5\\oc + - \\us\\oc \\f5\\2 \\95\\2 



\gs\'^ dx 



1 



+ - \\us {-2us + a + 



\\9s\\l + r 11-3^1 + 2(0 + 1)^5-01100 WgsWl 



Using (46), (47) and Young inequality we obtain 



d 
dt 



\\95\\l<C\\gs\\l + C\\fs\\l 



(51) 
□ 



it follows from (27) after integration that (49) holds. 
Lemma 5.7. There is Cq{T) > independent of 6 such that 

\\9tU5{t)\\ly^,^,2y < C^{T) for aU t G [0,T], (52) 
where {W^'"^)' denotes the dual space ofW^''^. 

Proof. Consider tp S W^''^{—1, 1) and t € (0, T). We have by the first equation in (25) 
dtus ip dx 

[9x {6 9xUs - us (fs) + r us E{us)] ip dx 

{-5 dxUs 9xip + us fs 9xip + r us (1 - us) {us - a) ip) dx 
< 6 \\dxi^\\2 \\9xus\\2 + \\9x4^\\2 WusWoo \\fs\\2 + r \\us {1 - us){us - a) 
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Using (49), (46) and Lemma 5.2 we end up with 

1 

dtus ijdx <{5 + l + r) C(T) \ Mw^,2 < C{T) \ \^\w^,2 

-1 

since < 5 < 1. A duality argument gives 

\\dtU5{t)\\i^W^,2y <Cq{T), tG [0,T] 
and the proof of Lemma 5.7 is complete. □ 

5.2 Convergence 

In this section we discuss the limit of {us,^ps) as — )• 0. For that purpose, we study the 
compactness properties of {us,ifs)- 

Proof of Theorem 2.1. Thanks to Lemma 5.6 and (27), {us)5 is bounded in 
L°° ((0,r);W^i'2(-l,l)) while (atu^)^ is bounded in L°° ((0, T); (T^i'2)'(-1, 1)) by Lemma 5J. 
Since VF^'^(— 1, 1) is compactly embedded in C[— 1, 1] and C[— 1, 1] is continuously embed- 
ded in (VF^'^)'(— 1, 1), it follows from [13, Corollary 4] that {us)s is relatively compact in 
C([0,T] X [—1, 1]). Therefore, there are a sequence [5j) of positive real numbers, 5j — )■ 0, 
and -u G ((0, T); ^^^'^(-l, 1)) such that 

us.^u inL2((0,r);VFi'2(-l,l)), (53) 

and 

-^u in C([0,T] X [-1,1]). (54) 
Owing to Lemma 5.1 and Lemma 5.6, we may also assume that 

^ (/^ in L2 ((0,r); W^i'2(-l,l)) as 5j ^ 0, (55) 

and 

5j d^us^ — >OmL^ ((0, T) x (-1, 1)) as 6j 0. (56) 
Owing to (53)-(5_6), it is straightforward to deduce from (25) that {u,if) satisfies 

T .T .1 

{dtu, tp) dt = / {u if dxTp + r u (1 — m)(m — a) -0) dx dt, (57) 
J-i 



and 



/ / dx^p dxip dxdt + I If il: dxdt = / (—2 u + a + l) dxU ip dxdt. (58) 
Jo J-i Jo J-i Jo J-i 



for all test functions G C^([0,r] x (—1,1)). Since {u,ip) satisfies (57) and (58), then 
{u,ip) is a weak solution of (9), (10) and (11). Recalling that n € L°° {{0,T);W^^'^{-1, 1)) 
and if E L°° ((0, T); VF^'^(— 1, 1)) by Lemma 5.5 and Lemma 5.6, we deduce from (57) 
that dtu G ((0,r) x (-1, 1)) and from (58) that (/9 G L°° ((0,r); W'^''^{-1, 1)), so that 
u solves (9) and (11) in the sense of Definition 4.1 with the regularity (15). By Proposi- 
tion 4^2, such a solution is unique so that u is the only possible cluster point of {us)s in 
C ([0, T] X [-1, 1]). Therefore, the whole family (^5)5 converges to in C ([0, T] x [-1, 1]) 
as (5 — >0. □ 
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6 The monostable case, E{u) = 1 — u 



Let T > 0, system (5) now reads 

' dtus = 5 d'^us - dxiug (fs) + r us {1 - us) t>0 

-edlips + ^s = - d^us, xG(-1,1), t>0 

d^us{t,±l) = ips{t,^'^) = t>0, 

, usiO,x) = uoix) xe(-l,l), 

(59) 

Thanks to Theorem 3.2 . system (59) has a unique global nonnegative solution in the sense 
of Definition 3.1. 

Unlike the previous case, it does not seem to be possible to begin the proof with an L°°{LP') 
estimate on us- Nevertheless, there is still a cancellation between the two equations which 
actually gives an L°°(LlogL) bound on us and a Lp' bound on dx\/ug as we shall see 
below. Integrating (59) over [0,T] x (—1,1) and using the nonnegativity of us, we first 
observe that, 

\\us{t)\\i < \\uo\\i + 2 r t, for ah t G [0,r]. (60) 

6.1 Estimates 

Lemma 6.1. There is Ci{T) > independent of 5 such that 

[ {e \\d,^s\\l + \\^s\\l + ^S Wd^^sWl) dt<C7{T), for cillte[0,T], (61) 
Jo 

fT 

/ W^sWlo dt<C7{T), for alH G [0,T]. (62) 
Jo 

Proof. The proof goes as follows. On the one hand, we multiply the first equation in (59) 
by (logit5 + l) and integrate it over (—1, 1). Since us (1 — u^) logu^ < and us {1 — us) < 1, 

d 1 

— / us logus dx = - {6 dxus - us (ps) ( — d^us) dx 
at J_i J_i us 

+ us {1 - us) {logus + 1) dx 

< — [ — (dxUs)"^ dx + [ LPs dxUs dx + 2 r. (63) 
J-i us J_i 

On the other hand, we multiply the second equation in (59) by ps and integrate it over 
(—1,1) to obtain 

e J {dxPsl"^ dx + J Ipsl"^ ~ ~ J ^^^^ '^^ ^^^"^ 
Adding (63) and (64) yields 

J us logus dx + e \\dx'ps\\2 + W'^sWl ^ -'^ ^ J {dxy/usl"^ dx + 2 r. (65) 



d 



Then, (61) is obtained by a time integration of (65). Finally, by the continuous embedding 
of T^^'2(-l, 1) in L°°(-l, 1) we obtain (62). □ 
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Lemma 6.2. For < (5 < 1, there exists Cs{T) > independent of 5 such that 

d^M^) > WfsWoo - Cs{T) for alH G [0,r]. (66) 
Proof. For x,y £ (—1, 1), we integrate the second equation in (59) to obtain 

d^ifsiz) dz+ ^s{z) dz = - dxUs dz 



e (dj^ipsix) - dj:Lps{y)) + (psiz) dz = -[usix) - usiy)]. 



y 

Next we integrate the above equality with respect to y over (—1, 1) to obtain 

/I PX 
J ips{z) dzdy -2 us{x) + \\us\\i. 

Since 

"1 rx 

ips{z) dzdy > -4 ||(^5||oo, 

-1 Jy 

and us > 0, it follows from (60) that 

dx^psix) = 7;— / ^siz) dzdy + - us{x) - — \\us\\i 
I £ j_i Jy e I e 

2 

> -- llyjilloo - C'8(T). 



□ 



Lemma 6.3. There is Cq{T) > independent of 6 such that 

\\ip5{t)\\2<Cg{T), for all [0,r]. (67) 

Proof. The proof is similar to that of Lemma 5.2. □ 

Now, we continue with estimates for the derivatives of us- 

Lemma 6.4. There is Ciq{T) > independent of 5 such that 

\\dxusit)\\i < Cw{T) for ah t G [0,r]. (68) 

Proof. Differentiating the first equation in (59) with respect to x and setting gs = dxUs 
yield 

dtigs) + dl{us ips) -r dx {us (1 - us)) = 6 digs. (69) 

We define as in the bistable case an approximation of the sign function by a^{z) = cr(^), 
< 7 ^ 1, with a smooth and increasing, (t(0) = 0, and cr(z) = sign z for \z\ > 1. Then, 
with abs^(z) = (T^(^) d^, the convergence of ahsy{z) to \z\ as 7 — )• is uniform in 2; G M. 
Multiplying (69) by a^{gs) and integrating with respect to x yields 

^1 f-i 

<^-i{a&) dtigs) dx + cr-yigs) [dxigs vs) +gs d^^s + us dl^ps] dx 



-1 

r j a^{gs) (1-2 us) gs dx 

-1 

^^7(55) digs dx. (70) 

1 
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Since 



and 



1 .1 

(y-yigs) dx{gs ips) dx = - I a' Jgs) d^gs gs <ps dx 
1 J -I 



^ j f^-tias) digs dx = -6 J {d^r^gsf a'^{gs 



dx 



we obtain 



1 .1 

ahs-y{gs) dx - cr' Jgs) d^gs gs dx 

-1 J-i 

+ j 0-7(55) 95 d^fs dx + j cTyigs) us d^ips dx 



j cr-yids) (1-2 us) gs dx 



1 

{d.gsf a'^{gs) dx < 0. (71) 

-1 



The function f-yiz) = cr-y{z) z — abs^(z) satisfies f!y{z) = (tI^{z) z and converges to 
uniformly in z G M. We integrate the second term in (71) by parts and we use the second 
equation in (59) in the fourth one to obtain 



_d 

dt 



j ahs j{gs) dx + j f^(gs) d^ifs dx + j a^{gs) gs d^^ps dx 



< -- [ (T^{gs) us gs dx- - j a^{gs) us (fs dx 
+ r y a^igs) (1-2 us) gs dx. 

1 /■!,,, 

< - llii^lli ||V?<5||oo + / 1951 dx, 



e 



-1 



since > 0, 1 — 2us < 1 and < (Try(gs) gs < l^^l- Passing to the hmit 7 — )■ in the above 
inequahty, the second term on the left-hand side vanishes. It follows from Lemma 6.2 and 
(60) that 



ijj95\dx - 0||v..||oo + C8(T)) j ^ 



gs\ dx 



< Ikalloo + r / \gs\ dx. (72) 



Integrating (72) in time, and using (62) yield that there exists 010(7") such that (68) 
holds. □ 

As in the previous section, we have the following consequence of Lemma 6.3 and 
Lemma 6.4 . 

Lemma 6.5. There is Cii(T) > independent of 5 such that 

\\d^Mt)\\oo + \\us{t)\\oo<Cu{T) for ante [0,r]. (73) 
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Lemma 6.6. There is Ci2(T) > independent of 5 such that 

\\d,us{t)\\2 < Cu{T) for all tG [0,T]. 
Proof. Since (73) holds, we argue as in the proof of Lemma 5.6 to obtain (74). 
Lemma 6.7. There is Ci3(T) > independent of 5 such that 

\\dtU5{t)\\f^i.2Y < Cn{T) for ah t G [0,r]. 
Proof. Consider ijj E P^^'^(— 1, 1) and t G (0, T). We have by the first equation in 



(74) 
□ 

(75) 



dtus Ip dx 



-1 
1 



(-6 dxus dxip + us (ps dr,ip + r us (1 - us) ip) dx 
< S \\dx1p\\2 \\dxUs\\2 + \\dxip\\2 \\us\\oo \\^s\\2 + r \\us {1 - Us)\\2 
Using Lemma 6,3 , Lemma 6.5 and Lemma 6.6, we end up with 



dtUs V' dx 



< C{T) 



□ 



and a duality argument gives 

\\dtusm{w^^^)'<C{T), te [o,r] 

and the proof of Lemma 6.7 is complete. 
6.2 Convergence 

Proof of Theorem 2.2_. Thanks to the previous analysis, the proof of Theorem 2.2 can then 
be done as that of Theorem 2.1. □ 
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